Using a multiple-image reconstruction method applied to a harmonically trapped Bose gas, we determine the equation of state of uniform matter across the critical transition point, within the local-density approximation. Our experimental results provide the canonical description of pressure as a function of the specific volume, emphasizing the dramatic deviations from the ideal Bose gas behavior caused by interactions. They also provide clear evidence for the non-monotonic behavior with temperature of the chemical potential, which is an important consequence of superfluidity. The measured thermodynamic quantities are compared to mean-field predictions available for the interacting Bose gas. The limits of applicability of the local density approximation near the critical point are also discussed, focusing on the behavior of the isothermal compressibility. arXiv:2003.13627v1 [cond-mat.quant-gas] 
Introduction. Although 25 years have passed since the first realization of a Bose-Einstein condensate (BEC) in a dilute gas of alkali atoms, the experimental investigation of the equation of state (EoS) of a weakly interacting Bose gas is still rather incomplete. The EoS of the ideal Bose gas (IBG) predicts peculiar features at finite temperature, e.g., saturation of the thermal component and infinite compressibility in the BEC phase, so it is of major importance to have a direct experimental access to the crucial role of interactions which violate the IBG behavior. Experiments at finite temperature have focused on the role of interactions on the temperature dependence of the BEC fraction [1, 2] and on the value of the critical temperature in both harmonically trapped and uniform configurations [3, 4] . Results on the EoS of both 3D [5, 6] and 2D [7] Bose gases have been obtained in the framework of the grand canonical approach, where the pressure of the uniform gas is expressed in terms of the chemical potential. At zero temperature the above approach has proven successful in identifying the Lee-Huang-Yang correction to the EoS originating from beyond-mean-field quantum fluctuations [8] .
Atomic samples trapped by non-uniform potentials can be used to extract the thermodynamic behavior of uniform matter through the use of the local density approximation (LDA) [9, 10] . In 3D, the pressure is extracted from the measured column density of the trapped gas using the Gibbs-Duhem relation, while the chemical potential is usually obtained fitting the density distribution of the sample, with the exception of the unitary Fermi gas were the model-dependent measurement of the chemical potential was successfully avoided by a direct measurement of the compressibility of the gas [11] .
In this Letter, we explore the behavior of a 3D weakly interacting Bose gas focusing on the canonical description, where the particle density n, rather than the chemical potential µ, is the relevant thermodynamic variable. We directly address some important features of this system, in particular the behavior of the pressure p(v, T ) at fixed temperature T as a function of the specific volume v = 1/n, and the non-monotonic behavior of µ(v, T ) as a function of temperature, which is a direct consequence of superfluidity.
The EoS of uniform matter is evaluated in the LDA measuring the density profile of a trapped BEC. The density of a 3D condensed gas varies by several orders of magnitude throughout the sample, requiring an imaging method with a much higher dynamic range than usual absorption imaging. We tackled this using partial-transfer absorption imaging (PTAI) [12] and a reconstruction method that produces highly accurate spatial profiles even for very dense samples with a small normal component [13] . Furthermore, for 3D atomic gases, standard imaging techniques do not directly provide the local insitu density, but rather the column density n 1 = n dz, integrated along the line-of-sight. We exploited the axial symmetry of our trapping potential and obtained n using the inverse Abel transform [14] .
Experimental procedure. We produce partially condensed 23 Na gases confined in a Ioffe-Pritchard trap with axial (radial) trapping frequency ω x /2π = 8.83(2) Hz (ω ρ /2π = 100.8 (7) Hz), where we let the BEC equilibrate for 2 s after the end of the evaporation ramp. We then extract a few percent of the atoms and image them insitu along the vertical direction z. We implement PTAI by radiating the sample with microwaves of Rabi frequency Ω/2π = 60.7(2) kHz to outcouple a fraction of the atoms from |F, m F = |1, −1 , where they are magnetically trapped, to |2, −2 in the upper hyperfine manifold. The extracted atoms are subsequently imaged with πpolarized light resonant with the F = 2 → F = 3 cycling transition using a 5 µs long probe pulse with I/I sat = 4, where I sat is the saturation intensity of 23 Na [15] . This process takes only a few µs and so it does not suffer from any losses due to spin flipping collisions, which are further suppressed by conservation of angular momentum. We then release the remaining atoms from the trap and image them along y after a time of flight of 50 ms. Imaging at high intensity allows us to calibrate the absorption cross section, obtaining an absolute measure of the atomic density [16] .
In-situ measurements of n 1 are done for several microwave pulse times τ extracting a fraction sin 2 (Ωτ /2) of the atomic sample each time. Long pulses, between 1.5 to 3 µs (extracting 8 to 30 %), yield a saturated image of the condensed part but allow to image the thermal tails with high signal-to-noise ratio. Short pulses, of 0.5 to 1.5 µs (1 to 8 %), lead to an accurate image of the denser BEC core but the thermal tails are no longer visible. In both cases the spectrum of the microwave pulse is broad enough to neglect the spatial detuning due to the trapping magnetic field and give uniform extractions. We crop each image at an appropriate threshold to retain only the non-saturated region, rescale it by the extraction fraction, and finally average all of them. This new technique allows us to reconstruct a complete image of the whole sample using data from all extractions. From the reconstructed n 1 (Fig. 1a ) we obtain the pressure and density along the long axis x of the sample. We independently measure the temperature from the time-of-flight image by fitting the wings of the thermal distribution to a Bose function, taking into account effects due to the non-ballistic expansion from our elongated trap [17] .
The pressure of the gas along x is p = mω 2 ρ /2π n 1 dy, where m is the atomic mass. It is obtained integrating the Gibbs-Duhem relation dp = ndµ + sdT at constant temperature, where s is the entropy density, and assuming the LDA relation µ = µ 0 − V ext , where V ext is the trapping potential and µ 0 is the value of the chemical potential in the trap center [9, 10] .
The in-situ density n can be calculated either from the Gibbs-Duhem relation as n = ∂p/∂µ| T or from the inverse Abel transform. The two approaches give consistent results, however the Abel method provides a more reliable density profile since it reduces the propagation of noise from n 1 . Since the harmonic potential has a spherical symmetry once the x coordinate is rescaled by the aspect ratio of the trap ω ρ /ω x , we can apply the transform along the x coordinate, where the sample is more elongated and the details in the density are better resolved. After averaging the transformed image over the azimuthal angle in the xy plane, we obtain a low-noise profile of the density along the x axis. Figures 1b and 1c show the pressure and density along x for a sample of 5.4(5) × 10 6 atoms with a temperature T = 270(10) nK, corresponding to a BEC fraction of about 50% with a sizable thermal component. Denser regions are imaged with shorter PTAI pulses and their signal is rescaled by larger factors than dilute ones, which causes higher density fluctuations in the trap center ( Fig. 1c ). Our configuration is well suited to explore the thermodynamic behavior of the gas in a wide range of values of the local critical temperature T c = 2π 2 /mk B [n/g 3/2 (1)] 2/3 , where g ν is the polylogarithm function of index ν. The measured value of the density in the trap center corresponds to T c = 1.75 µK = 5T , while in the thermal tails T c rapidly becomes smaller than T .
Canonical EoS p(v) and compressibility. Figure 2a shows the measurement of the canonical EoS p(v) at constant temperature in reduced variables, rescaled by the relevant critical quantities at the verge of condensation,
The experimental results are compared to the equations
that comprise the HF theory of uniform matter for the condensate n 0 and thermal n T density of a gas with coupling constant g = 4π 2 a/m, where a is the s-wave scat- tering length. The pressure p = gn 2 − 1 2
can be directly derived from Eqs. 1. The agreement with HF theory (Eq. 2) is remarkable throughout the whole range. For values of v/v c > 1 the pressure corresponds to that of an ideal (non interacting) Bose gas (IBG). In the same figure we also show the prediction of the classical ideal gas law p = k B T /v (IG), which correctly captures the behavior of p only for large v/v c , revealing the importance of quantum effects in the vicinity of the critical point. In the region v/v c < 1 the strong increase in the pressure, that diverges as (a/λ T )(v c /v) 2 , shows that the thermodynamics is largely dominated by the effect of the interactions.
Next, we discuss the isothermal compressibility of the gas defined as κ = (1/n) ∂n/∂p| T . Figure 2b shows our measurement of κ, normalized by the T = 0 value κ 0 = 1/gn 2 , as a function of the reduced specific volume. The experimental results quantitatively agree with the HF predictions at small v/v c and show a rapid transition across the critical point. They however strongly deviate from the mean-field prediction in the critical region. The disagreement can have different origins: the mean-field HF theory cannot account for the large fluctuation effects characterizing the critical region, and furthermore the LDA employed in the analysis of experimental data is not adequate in the region around the Thomas-Fermi radius, which defines the surface of the condensate and marks the transition between the BEC and the normal phase. Moreover, the finite resolution of the imaging system (∼ 2 µm) smears the sharp features in the density profile. The gray solid curve in Fig. 2b shows κ resulting form a numerical simulation of the HF density profile in our trap, accounting for the imaging resolution. It is clear that this is a stringent experimental limitation for the measurement of this quantity in weakly interacting bosonic gases as compared to the unitary Fermi gas, where the width of the critical region is much wider and experiments revealed the occurrence of a peak in κ [11] .
Chemical potential µ(T ). The temperature dependence of µ in a uniform superfluid system shows a nonmonotonic behavior with temperature [18] . This feature, which is a fundamental consequence of superfluidity, has not been so far observed in bosonic ultracold gases.
Within HF theory, µ/gn increases with temperature in the condensed phase, reaching a peak value of 2 at the transition where n T = n (see Eq. 1a). The HF approach provides an accurate estimate of the thermodynamics in the temperature range gn/k B < T < T c . For T < gn/k B HF theory ignores the essential phononic contribution to the thermodynamics, while close to the critical point it neglects the enhanced role of the fluctuations [19] .
Within the LDA, the knowledge of V ext is sufficient to measure the chemical potential up to the constant µ 0 . To obtain an absolute measure of µ, we then need a procedure to extract the value of µ 0 . We first measure the EoS from a different sample with ∼ 5 × 10 6 atoms and a lower temperature of 150(5) nK. For such a cold sample, the local thermal fraction in the center of the trap is strongly suppressed and we neglect its contribution to the chemical potential, assuming the zero-temperature limit µ 0 = gn(0). Under this assumption we measure µ 0 fitting the central region of the density profile to a Thomas-Fermi distribution, obtaining µ 0 = 69.0(4) nK. A posteriori, using HF theory we check that the local thermal fraction is ≤ 0.02 in the whole fitting region, which bounds the systematic error on µ 0 . Figure 3 shows our result for µ/gn versus the local reduced temperature T /T c . For this cold sample (dark-blue squares) we use the data in the range x < 0.9R T F (T /T c < 0.5), since closer to R T F the signal-to-noise ratio is significantly lower due to the reduced density, preventing us to get data at the transition point. Although the procedure to determine µ 0 neglects the presence of thermal atoms, µ/gn increases, a clear sign of exchange effects characterizing the thermal contribution to the energy of the system [20] .
For the sample at 270 nK we do not neglect the local thermal component and we determine the value µ 0 = 66.7(2) nK fitting the density to the HF profile. The corresponding result for µ/gn is shown in Fig. 3 (light-blue dots), clearly revealing its non-monotonic behavior with a peak around T = T c .
The experimental results for the temperature dependence largely agree with the HF predictions. The discrepancy in the vicinity of T c is due to the same reasons discussed above in the analysis of the compressibility. In this case, the finite imaging resolution has a much smaller effect on the determination of µ(T ) compared to Fig. 2b , where the dependence on the strong density gradient is more affected by the various approximations. The dot-dashed line in Fig. 3 shows the universal curve µ/gn = 1 + (T /T c ) 3/2 , corresponding to the lowest order approximation for µ in terms of g, obtained by using the IBG result for the thermal fraction n T .
Grand canonical EoS p(µ). The above results can be also discussed in the framework of the grand canonical ensemble, where µ is the independent thermodynamic variable. Figure 4 shows the behavior of the reduced pressure p/p c in terms of the inverse fugacity ζ = e −µ/k B T , along with the behavior predicted by HF theory for a temperature of 270 nK. In the non-degenerate region the pressure does not explicitly depend on T but only on the fugacity, and approaches the IBG prediction g 5/2 (ζ)/g 5/2 (1), defined only for ζ ≥ 1. At the transition point, the slope of the pressure profile suddenly increases, signaling the onset of condensation. We observe that the transition happens at ζ c = 0.95(1) < 1, corresponding to a positive chemical potential of µ c = k B × 13(3) nK, which is compatible with the mean-field shift 2gn c k B × 12 nK calculated from the critical density at the given temperature. The effect of the interactions is evident in the deeply degenerate regime ζ → 0, where the pressure diverges as (λ T /a) ln 2 ζ. The results of Fig. 4 confirm the grand canonical behavior first explored experimentally in [5] , solidifying the evidence for the presence of interaction effects at the transition point.
In conclusion, this work contributes to the study of the thermodynamics of a 3D weakly interacting bosonic gas. For the first time we obtain the EoS in the canonical formulation p(v), and highlight the fundamental role of interactions in the finite temperature behavior of a Bose gas. We provide evidence for the non-monotonic temperature dependence of the chemical potential across the phase transition, a fundamental property which has not been observed before in a weakly interacting superfluid. Our measurements were possible thanks to the development of an accurate, high-dynamic-range novel imaging method [13] . This approach can be readily applied to other trapped degenerate quantum systems, including the novel phases of interacting quantum mixtures. Our results lay the groundwork for further investigation of the EoS around the critical region.
We thank M. Ota, S. Giorgini, L. Pitaevskii and C. Salomon for fruitful discussions, and M. Tharrault for contributions at the early stages of this project. We acknowledge funding from the project NAQUAS of QuantERA ERA-NET Cofund in Quantum Technologies (Grant Agreement N. 731473) implemented within the European Unions Horizon 2020 Programme, and from 
